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ABSTRACT 

Steady-state solutions to the complete axisymmetric Navier-Stokes equations are obtained by an iterative tech- 
nique for an intense pressure-gradient force representative of the tropical cyclone. Solutions for the horizontal and 
vertical components of motion are compared for various horizontal and vertical mixing coefficients, drag coefficients, 
and Coriolis parameters. A multilevel model is used, and the results are compared with those from a simple one- 
level model. 

l. INTRODUCTION In  the experiments discussed here, the complete equa- 

Because of the intense frictional convergence in the 
boundary layer and the rapid decrease of mixing ratio 
with height, the major water vapor convergence in 
tropical cyclones occurs in the lowest few kilometers. 
Thus, the frictionally induced vertical motion a t  the top 
of the planetary boundary layer becomes a close measure 
of this convergence (Miller 1962, Riehl and Malkus 1961). 
Ap proximate expressions relating this vertical motion to 
the mean steady-state tangential wind have been given by 
several investigators (e.g., Syofio 1951, Charney and 
Eliassen 1949, Ogura 1964, and Smith 1968). Kuo (1971) 
utilized an iterative procedure to obtain exact solutions to 
the equations of motion in the boundary layer of a main- 
tain ed vortex without the Coriolis term. 

In  a theoretical study of the hurricane boundary layer, 
Rosenthal (1962) neglected lateral mixing and vertical 
advection and obtained analytic solutions to the linearized 
equations. Rosenthal found a decreasing depth of inflow 
toward the center, with the consequence that the vertical 
velocities near the center appeared too small. Miller 
(1965) utilized a quasi-time-dependent numerical model 
to obtain steady solutions under various formulations of 
horizontal and vertical mixing and found that an inflow 
layer of constant depth could be obtained if the vertical 
mixing coefficient were made proportional to the pressure 
gradient. 

I n  this paper, steady-state solutions to the axisym- 
metric boundary-layer equations are obtained by a 
numerical technique similar to  Miller’s (1965) , with 
particular applicability to the boundary layer in hurri- 
canes. The results are compared with those obtained by 
Kuo (1971) from a different approach. The results obtained 
from the equations of motion in primitive form are useful 
in interpreting results from more complex hurricane 
models, as well as providing lower boundary conditions 
on the mass transport required in diagnostic models 
such as Barrientos (1964) or Anthes (1970b). 

tions of motion are solved numerically for the- horizontal 
and vertical velocity components under a steady, intense 
pressure-gradient force to study the effects of the varia- 
tions of horizontal and vertical mixing, drag coefficients, 
and Coriolis parameter on the vertical motion a t  the top 
of the boundary layer. A multilevel model is used, and the 
resuIts are compared with those obtained with a simple 
one-level model. This is a relevant comparison in view of 
the use of low vertical resolution boundary layers in 
hurricane models. 

2. A MULTILEVEL BOUNDARY LAYER MODEL 

A. BASIC EQUATIONS 

When assuming axisymmetry arid a pressure-gradient 
force invariant wit8h height, the equations of motion for 
the tangential, v, and radial, u, winds are 

(1) 
and 

where w is vertical velocity, r is radial distance, z is height, 
f is the Coriolis parameter, p is mean density (1.1 X 
grne~m-~),  p is pressure, and K and are the horizontal 
and vert’ical coefficients of eddy viscosity, respectively. 
The continuity equation, neglecting density variations, is 

(3) 
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B. STRUCTURE OF MODEL 

The model consists of nine levels in the vertical defined 
bY 

z,=50 m+(9--i)bz (&=100m, i=1,2, . . .,9) 

and 51 increments in the radial direction defined by 

r j = ( j - l ) A r  (A?=lOkm, j=1,2, . . .,51). 

The horizontal boundary conditions are zero divergence 
and relative vorticity a t  500 km. These conditions have 
given reasonable solutions for multilevel hurricane models 
(Rosenthal 192’0, Anthes 197Qa) and should be repre- 
sentative of the hurricane environment at  this distance 
from the center. The vertical boundary conditions consist 
of the tangential flow in gradient balance a t  the upper 
level with zero radial velocity. These conditions for the 
top of the Ekman layer are reasonable for the hurricane, 
which is in near-gradient balance a t  this level (Hawkins 
and Rubsam 1968). At the lowest level (50 m), the 
vertical velocity is assumed equal to zero. Boundary 
conditions on the vertical mixing term at the surface are 

and 

where CD is the drag coeEcient and V is the vector velocity. 
The eq (4) are the well-known quadratic stress law. 

The choice of the vertical and horizontal resolutions 
and the top level of 850 m was made after a series of 
preliminary experiments in which these computational 
aspects of the model were investigated. These results 
showed that increasing the horizontal and vertical resolu- 
tions beyond 10 km and 100 m, respectively, did not 
substantially alter the steady-state solutions. They also 
showed that, under the upper level boundary condition 
of gradient balance, increasing the top level beyond 
850 m had little effect on the solutions. 

C. COMPUTATIONAL PROCEDURE AND INITIAL CONDITIONS 

Several finite-difference analogs to eq (1) and (2) are 
solved iteratively under a steady pressure-gradient force. 
The horizontal grid is staggered so that v and u are pre- 
dicted at integer multiples of Ar with w computed diag- 
nostically at  points midway between u points according to 

The initial conditions, or first guess, are the tangential 
wind in gradient bala.nce with zero radial and vertical 
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FIQURE 1.-(A) steady pressure profile and (B) the associated 
gradient wind at 20’N for the boundary-layer experiments. 

velocity. The eg (1) and (2) are forecast utilizing several 
finite-difference schemes (to be discussed later) until the 
difference between successive iterates becomes small (less 
than 1W2 ernes-I). This usually occurs after about 4QO 
iteration steps. The gradient wind corresponding to the 
specified pressure-gradient force is shown in figure 1. 

The first series of experiments are computed utilizing 
the Matsuno (1966) time-integration scheme which damps 
high-frequency waves. Centered differences are used to 
approximate the space differentials in eg (1) and (2). 
The time step, At, is 90 s. 

3. RESULTS 

A. VARIATION Of HORIZONTAL 
AND VERTICAL EXCHANGE COEFFICIENTS 

Values of K and p ranging over several orders of magni- 
tude have been used by previous investigators for the 
hurricane problem (Anthes 1970a), and values that give 
realistic results (compared to  observations) in a particular 
instance are functions of the type of model, the horizontal 
and vertical resolution, and finite-diff erence scheme 
utilized. Unfortunately, the results are strongly dependent 
on the poorly understood process of horizontal and vertical 
diffusion of momentum. The first set of experiments, 
therefore, considers various constant horizontal and 
vertical exchange coefficients. 

Figure 2 shows the steady-state vertical motion cross- 
sections for p equal to 40 and three values of K ranging 
from 5 to 25 (units of p and K are lo4 and lQs cm2.s-l 
throughout the paper). Although the vertical motion 
structures for the three values of K are quite similar 
beyond the radius of maximum wind (Ikm,,=5Q km), 
significant differences are present inside the 50-km radius. 
The maximum upward motion ranges from 70 cm/s for 

1 The term “forecast” Is used here as In timedependent forecast models In which the 
pressure field is free to Interact wlth the momentum field. In these expedments, in which 
the pressure Is steady, the transient solutions havelittle physical meenlng, and the fore- 
cast steps are more properly called “lteratlon steps.” 
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FIGURE a.-Steady-state vertical motion for three horizontal mixing 
coefficients; units of K ,  108 cm2-s-1; units of p, lo4 cm2.s-l; units 
of vertical motion isolines, cm/s. 

FIGURE 3.-Vertical motion for two horizontal mixing coefficients 
and a vertical mixing coefficient of 10X104 cm2.s-1; units of 
vertical motion isolines, cm/s. 

K=25 to 91 cm/s for K=5. The subsidence near the center 
also shows strong dependence on horizontal mixing. 
For values of K<25, bhis subsidence results from a mix- 
ing of tangential momentum into the “eye,” causing an 
excess of centripetal over pressure-gradient force and 
an outward flow. For very large values of K ,  however, 
the tangential wind maximum is reduced, and the mixing 
of radial momentum is sufficient to allow inflow all the 
way to the center. The subsidence associated with the 
smaller values of K reaches all the way to the surface 
and appears somewhat too large. Observations inside 
hurricane eyes generally show some low-level clouds, 
indicating that subsidence probably does not extend to 
the surface. This consideration suggests that a value of 
K=25 gives most realistic results for this model. 

The values of K considered in the above experiments are 
higher than values used by previous investigators, a con- 
sequence perhaps of bhe differences in types of model, 
numerical scheme, and resolution noted above. If hori- 
zontal mixing is an important process in the vicinity of 
the radius of maximum wind, however, a simple scale 
analysis suggests values of this order of magnitude. For 
example, if the order of magnitude of the horizontal mix- 
ing term is equated to the magnitude of the centripetal 
term 

Au v2 
Ar2 r 

K --- 
and 

v=:30 m/s, r=50 km, Ar=lO km, and Au=lO m/s, 

the magnitude of K is about 2OX1Os cm2*s1.  

Figure 3 shows vertical motion cross-sections for p re- 
duced from 40 to  10. The results show a more shallow 
layer of stronger radial velocities and more vertical shear. 
The subsidence inside R,,, is reduced as the stronger in- 
flow reaches closer to  the origin. The transition from 
upward to downward motion is shifted from 115 km to 
135 km as p is reduced. The results also show more hori- 
zontal irregularities in vertical motion for small values of 
K (fig. 3C). These horizontal oscillations are apparently 
computational in nature and are related to nonlinear in- 
stability. Many experiments with a one-level model 
(Anthes 1970a) utilizing the same differencing scheme have 
shown these standing space oscillations of wavelength 2Ar, 
which, for small values of K ,  may grow and prevent a 
steady-state solution. The computational nature of these 
oscillations is indicated by their strong dependence on 
time and space differencing and on horizontal resolu-tion. 

Figure 4 shows the boundary-layer structure for the 
tangential and radial winds for typical values of K and p. 

Figure 4A, when compared to figure lB, shows a region of 
subgradient winds beyond the radius of maximum wind 
due to surface friction, and a region of supergradient winds 
near the radius of maximum wind due to the strong radial 
advection of angular momentum inward. The radial 7e- 
locities show a maximum of over 20 m/s just above the 
surface. The radial and tangential components are thus 
the same order of magnitude in the lower levels. Rosenthal 
(1969) found inflow angles greater than 45” in a hurricane 
model. While this magnitude is larger than those generally 
observed, Rosenthal notes that aircraft observations are 
probably above the level of maximum inflow. 

418-596 0 - 71 - 2 
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FIGURE 4.-Boundary-layer structures for (A) tangential and (B) 
radial wind components; units of K, lo8 crn2.s-l; units of p ,  lo4 

cm2.s-1; units of velocity component isolines, m/s. 

The trend for smaller vertical mixing toward stronger, 
more shallow inflow, weaker subsidence inside R,,,, and 
larger transitional radius between upward and downward 
motion is investigated by a further reduction in p from 10 
to 5. The results (not shown) confirm the above tenden- 
cies, as the inflow increases from 27.5 to  29.3 m/s, the 
subsidence inside R,,, is reduced, and the transitional 
radius from upward to downward motion shifts outward 
from 135 to 145 km. 

In  summarizing the effects of horizontal and vertical 
mixing, the maximum upward motion near the radius of 
maximum wind and also the subsidence inside this radius 
increase with decreasing values of K. The results are less 
sensitive to variations in p,  with higher values of p yield- 
ing less vertical shear, a deeper inflow layer, and slightly 
increased vertical motion. 

B. VARIATION OF DRAG COEFFICIENT 

Although empirical evidence suggests a linear increase 
of drag coefficient with wind speed (Miller 1964)) many 
investigators have utilized a constant drag coefficient in 
hurricane studies (Yamasaki 1968, Rosenthal1969, Anthes 
1970a). Figure 5 shows vertical motion structures for 
constant values of C, ranging from 0.001 to  0.003. The 
results beyond 50 km are insensitive to variations in C,. 
Inside 50 km, the maximum upward motion increases, 

-501 50 100 150 

FIGURE 5.-Vertical motion for various drag coefficients; units of K ,  
108 cm2-s-1; units of p, lo4 cm2.s-l; units of vertical motion iso- 
lines, cm/s. 

and the subsidence decreases for increasing C,, due to 
increased radial winds that penetrate closer to the axis. 
These results illustrate the paradox of the dual role of 
surface friction, with increased friction yielding more 
intense circulations for the range of drag coefficients 
considered. 

C. VARIATION OF CORIOLIS PARAMETER 

I n  this subsection, the Coriolis parameter is vaned 
from 12.6X low5 s-l (corresponding to 60"N) to zero. For 
the constant pressure-gradient force, therefore, the gra- 
dient wind maximum varies from 36.9 m/s at  60 km (for 
60"N) to 40.5 m/s a t  65 km (f=O). The horizontal and 
vertical exchange coefficients are 25 and 5, respectively. 

Fjgure 6 shows the vertical motion profiles for various 
values off. As f decreases, the vertical motion maximum 
increases, the region of subsidence inside R,,, disappears, 
and the area of rising motion expands outward. For the 
smaller values off, the conversion of radial to tangential 
momentum decreases, and the inflow penetrates closer to  
the origin. For f = O ,  in fact, the tangential equation of 
motion becomes linearly uncoupled with the radial equa- 
tion of motion, and no conversion from radial to tangential 
motion is possible. However, the radial equation is still 
strongly coupled to the tangential equation through the 
centripetal acceleration v2/r. This strong coupling in one 
direction and weak coupling in the other makes the con- 
vergence to  a steady state slower when f is small. Con- 
vergence is especially slow inside R,,, where the nonlinear 
coupling through vertical and horizontal advection is 
small and v2/r is very large. In  fact, the solutions do not 
converge to a steady state at  all in this region when other 
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FIGURE 6.-Vertical motion a t  the top of the boundary layer for 
various latitudes. 

integration schemes that do not damp the high frequencies 
are used (see appendix). 

Further computational d8iculties involving the non- 
linear vertical mixing term and the upper boundary con- 
dition of gradient balance appear for very small f. For 
certain values of p, vertical oscillations in u and v appear 
near the top of the boundary layer inside R,,,. While the 
upper boundary condition of gradient balance appears 
realistic beyond R,,, where horizontal mixing is unim- 
portant, this condition yields unreasonable vertical shear 
inside Rm,, where horizontal mixing produces large cy- 
clonic winds below the upper boundary. I n  the presence 
of the linear Coriolis coupling between the tangential and 
radial equations of motion, a balance is established in 
spite of this large shear. Without the Coriolis force, 
however, vertical oscillations develop near the upper 
boundary. 

The experiment with j = O  corresponds to the case 
treated by Kuo (1971); although in Kuo's work, the 
vertical and horizontal exchange coefficients are equal. 
Because of this fact and the different nature of the ap- 
proaches, quantitative comparisons are difficult. Qualita- 
tively, the results are in fairly good agreement, depending 
on which value of the parameter K in KUO'S paper is 
considered. Both results show weak descending motion 
in the outer region with strong rising motion with a sharp 
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FIGURE 7.-Tangential and radial wind profiles in the middle of the 
nine-level and one-level models and the vertical motion profiles 
a t  the top of the nine-level and one-level models; Vi is tangential 
velocity. 

maximum in the vicinity of R,,,. The vertical oscillations 
of the v and u profiles inside R,,,, which were found by 
Kuo for small values of K ,  are not observed in this experi- 
ment, due possibly to  the large values of vertical and 
horizontal mixing coefficients. 

D. COMPARISON OF NINE-LEVEL MODEL RESULTS 
WITH ONE-LEVEL MODEL RESULTS 

Since hurricane models (Ooyama 1969, Yamasaki 1968, 
Rosenthal 1970) contain one-level boundary layers, it is 
interesting to compare the results from the multilevel 
boundary-layer model with results from a simple one-layer 
model used by Anthes (1970a) in a similar series of 
experiments. In  this model, u and v are calculated at  the 
center of a boundary layer of constant depth, a linear 
variation of stress with height is assumed, and vertical 
advection is neglected. 

Figure 7 compares the tangential and radial wind 
profiles at  the center of the multilevel and one-level models 
and the corresponding vertical motion profiles a t  the top 
of the boundary layer. In  both models, K= 25; and in the 
multilevel model, p=20. It is evident from figure 7 that 
the effect of surface friction is overestimated by the one- 
level model. The tangential winds are less in the one-level 
model, and the radial velocities and vertical motion are 
larger by a factor of 2. This overestimation of the radial 
winds is probably a result of the assumption of linear 
stress over the boundary layer of constant depth. I n  the 
multilevel model, the stress varies strongly near the 
surface and less strongly throughout the upper part of 
the boundary layer. 

E. BALANCE OF FORCES IN THE STEADY STATE 

An estimate of the balance of forces in various regions 
of the domain may be made by comparing the various 
terms in eq (1) and (2) in the steady state. Table 1 shows 



266 MONTHLY WEATHER REVIEW Vel. 99, No. 4 

TABLE 1.-Ratio of terms in the radial equation of motion to the 
pressure-gradient force in the steady state; K=dGX I O s  cm2.s-1; 

p = g0 X 1 04; and e< 0.1. 

Ratio of term to pressure-gradient force 
R !"P 

atl P ar 
u $ w fu uZ/r Vertical Horizontal 

mixing mixing 

(km) (cm.s-2) 
10 0.0014 
20 .0066 
30 .0733 
40 1.56 
50 3.16 

100 1.60 
200 .37 
400 .OS1 

10 0.0014 
20 ,0066 
30 .0733 
40 1.56 
50 3.16 

100 1.50 
200 .37 
400 .081 

-17.6 -6.5 
- 0.5 44. 2 

1. 0 -1.9 
- . 18 -1.7 
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e E 

c € 

€ € 

-10.5 -9.5 
-21.8 -6.0 
- 9.4 - . 5  
- 0.9 e 
- . 3  E 

. 2  € 

. 1  E 

e f 

z=750 m 
21.7 263.0 
11.6 176.0 
1. 9 36.3 
. 12  2 . 2  

e 1.01 
.12 .83  
.30  .65 
. 63  . 33  
z=160m 

26.9 404.0 
11.4 169.0 
1.6 21. 1 
e 1 .1  
€ . 5  
€ . 3  
. 2  . 3  
.6 . 2  

-193.0 
-106.0 
- 11.4 

0.33 
.41  

e 
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e 

41.8 
21.8 
3. 9 
. 3  
. 2  
. 3  
. 4  
. 4  

- 66.9 
- 124.0 - 24.9 

0.23 
.45 

e 
€ 

€ 

-452.0 
-174.0 - 15.6 

0 .3  
. 5  

e 
€ 

e 

the ratio of the terms in eq ($2) to the pressure-gradient 
force for a typical experiment. From table 1, it is clear 
that no term, with the possible exception of the vertical 
advection term, may be neglected over the entire domain. 
Very close to the center, the centripetal acceleration nearly 
balances the horizontal and vertical mixing. The impor- 
tance of horizontal mixing falls off rapidly with increasing 
distance and is relatively unimportant beyond 100 km. 
Vertical advection is important only near R,,,. The 
relative importance of the Coriolis force increases with 
increasing distance. Horizontal advection and surface drag 
are important at all distances. The boundary layer, then, 
consists of an inner region where horizontal mixing and 
centripetal acceleration are dominant, an intermediate 
region in the vicinity of R,,, where all terms are sig- 
nificant, and an outer region where vertical advection and 
horizontal mixing are unimportant. 

The quantitative results from this series of experiments 
investigating the boundary-layer structure under a steady, 
intense pressure gradient are difficult to  summarize, mainly 
because the numerical values are strongly dependent on 
the parameters K, p , f ,  and QD as well as on vertical reso- 
lution and upper and lateral boundary conditions. The 
qualitative results are therefore summarized briefly in 
table 2. Thus, subsidence inside R,,, is favored by small 
values of K and large values of f ;  the vertical motion 
maximum increases as drag friction and vertical mixing 
increase, and the area of rising motion increases for small 
p and small f. 

The results from the multilevel model are compared with 
the results from a one-level model. Although the conclu- 

TABLE 2.-Qualitative effect of varying parameters on signijicant 
features of the vertical motion structure in the boundary layer 

Feature 
Parameter 

Transitional radius 

R,,, maximum downward motion 
Subsidence inside Vertical motion from upward to 

K Decreases Decresses _ _ _ _ _ _  
P _ _ _ _ _ _  Increases Decreases 

C D  Decreases Increases _ _ _ _ _ _  
f Increases Decreases Decreases 

Incremes in the above parameters are accompanied by the given effect on the features 
- 

of the vertical motion structures; tho dashed lines indicate no appreciable effect. 

sions based on experiments using the one-level model 
(Anthes 19700,) are not changed, the one-level model ap- 
pears to overestimate the radial and vertical motions in 
comparison to the multilevel results, due primarily to  the 
assumption of a linear stress boundary layer of constant 
depth. 

Most experiments are carried out with the Matsuno 
(1966) scheme that damps high frequencies. Comparative 
experiments with other schemes show similar results when 
the Coriolis term is large. However, for small values off, 
the schemes without the high-frequency damping do not 
converge to a steady state. 

APPENDIX 

WESUETS FROM TWO ADDITIONAL 
FINIUE-DIFFERENCE SCHEMES 

For assessing some of the computational effects on the 
solutions, two additional finite-difference schemes are 
tested for the model. The two-step Lax-Wendroff (1960) 
time-integration scheme has second-order accuracy but 
contains some damping, especially for short wavelengths 
(Richtmyer 1963). One cycle of this scheme, which is 
twice as fast as the Matsuno scheme, is summarized for 
aa/at= F ( ~ )  : 

1. Given u;~. 
2. Compute &he first step from 

3. Compute the final step from 
an+z- t , j  -4,9+2AtF(4,:'). 

The space derivatives in eq (1) and (2) are evaluated with 
centered differences. 

The other scheme tested is the popular forward-time 
upstream space-differencing scheme, which is also twice 
as fast 8s the Matsuno scheme. This scheme has only 
first-order accuracy and contains strong damping of short 
wavelengths, but nevertheless has given excellent results 
in hurricane modeling experiments (Rosenthal 1970). 



April 1971 

100 

8 0  

60 

- 40  

E 

v) 

\ 

Y 

20 3 

0 

-20 

-40 

Richard A. Anthes 267 

I I 

1, K = 25 

- MA‘ISUNO 
LAX- WE NDR OFF . ... . .. . . .. .. 

x UPSTREAM DIFFERENCING 
UPSTREAM K =  0 ------ 

50 100 150 100 
R ( k m )  

FIGURE 8.-Comparison of three integration schemes used to com- 
pute steady-state vertical velocity profiles at the top of the bound- 
ary layer for K=25XlOs cm2.s-1 and p=20XlOP cm2.s-1. Also 
shown is the vertical velocity profile computed from forward- 
time upstream space-differencing with no explicit mixing (K= 0). 

The steady-state solutions to the boundary-layer equa- 
tions are computed for values of K=25 and p = 2 0  for all 
three schemes. Figure 8 shows the vertical velocity profiles 
at the top of the boundary layer for the three experiments. 
The results are very nearly the same, indicating that the 
explicit damping is dominating the different damping 
properties of the three schemes. The only significant 
difference is the absence of subsidence near the origin in 
the upstream-diff erencing experiment. The large space 
truncation present in the ups tream-differencing technique 
provides a pseudodiffusive effect (Molenkamp 1968, 
Rosenthal 1970, Orville and Sloan 1970) that allows 
steady-state solutions even with no explicit horizontal 
diffusion. With either the Matsuno or Lax-Wendroff 
schemes, however, steady-state solutions are not obtained 
for K=O. Figure 8 shows the vertical velocity profile for 
upstream differencing with K=O. The artificial damping 
yields reasonable solutions beyond the radius of maximum 
wind. However, this pseudodiff usion does not simulate the 
effect of horizontal mixing by eddy coefficients inside the 

radius of maximum wind, as shown by the absence of 
subsidence. The pseudodiffusion depends on truncation in 
the advection terms. Inside the radius of maximum wind, 
the radial advection is small, so there is little implicit 
mixing, even though the curvatures of the tangential and 
radial wind profiles are large. The subsidence, which 
depends on mixing of cyclonic momentum inward from 
the radius of maximum wind, is not present in the 
upstrea.m-differencing experiments with no explicit mixing. 
This difference is also present in experiments with a 
one-level boundary layer model (Anthes 1970a). 

Although steady-state solutions that are not too dif- 
ferent from each other are obtained from the three inte- 
gration schemes tested for a value of the Coriolis 
parameter equal to  5X s-’ (20°N), steady-state 
solutions for smaller values o f f  are not obtained from 
either the Lax-Wendroff or the forward-time integrations. 
For small values off  (see subsection C of section 2), the 
high-frequency damping in the Matsuno scheme is 
necessary for convergence to a steady state. 
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